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ABSTRACTr

A Fortran computer program has been written to compute the radar
cross section of a conducting sphere. The program is useful when a
metal sphere is used as a standard target for calibrating a radar for
target-cross-section measurement. It has been used to machine-plot
with hig~a precision a curve of cross section (normalized to the optical
cross section) as a function of the radius/wavelength ratio. The computed
data used to plot the curve are also presented in tabular form. TheImathematics of the problem are briefly reviewed, and a listing of the

computer program is given.
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CALCULATION OF THE RADAR CROSS SECTION OF A PERFECTLY CONDUCTING SPHERE

INTRODUCTION

This calculation is of interest because spheres of high-conductivity

material (metal) are used as standard targets for calibrating a radar for
target cross-section measurement. Published curves based on calculations are
ansatisfactory for precise work because they appear to be imprecisely plotted
(1) or the scale size is too small for accurate reading of values (2,3).
Therefore the problem of writing a computer program to calculate the cross
section and to plot it accurately by machine was undertaken.

The computation requires summing a series whose terms involve spherical
Bessel and Hankel functions. These terms are complex quantities. Manual
calculation would be extremely laborious and computer calculation also poses
some difficult problems. After a succezsful program had been written, it
was learned that others had also done it (3). Their programming approach was
somewhat different, and their actual program is not pre&ented ii their paper.
The program developed here is presented in a form that allows it to be used
for the calculation of cross sections of specific sphere sizes, by readir.g
in data giving the radius of the sphere and the radar frequency. Thisf procedure would be used iZ the curve and table do not provide a sufficiently
accurate number.

RE SULTS

The computer program was used to machine plot a curve, Fig. I, of the
normalized radar cross section o/lae, where a is the actual cross section and
a is the radius of the sphere, as a function of the ratio a/X, where X is the
wavelength. The normalizing quantity ira2 is of course the optical cross
section of the sphere. The plot was made in a large size (20 x 25 inches) on
the NRL Gerber Model 875 Automatic Drafting Machine, with an accuracy of the
order of .001 inch. The coordinate grid was plotted by the machine also, so
that there are no registration errors, as might occur if the plot were made
on standard graph paper.

The computations were made for values of a/X from .05 to 5.045 in steps
of .005. These results are tabulated in Table 1. The plot was also made from
these values. Even though the a/X interval .005 is quite small, L direct
digital plot does not result in a perfectly smooth curve. Therefore a
"smoothing" subroutine, described in a previous NRL report (4), was used for
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Table 11

Normalized Values of Radar Cross Section ($GMA) of a Perfectly Conducting Sphere
for Specified Radius! WavcI'~ngth (RATIO) V!-Jucg

[RATIO SIGMA HA!To -,GMA jeRATI0 SIGMAA RATIU SIGMA

0 .0.5 00 , 0 -0 atO' 0.3000 n.5412 065400 1.5211 f 0.6000 1.1222
I0,0550 0.1254 0.3050 n.6544 C1.5550 1:5567 I 0.0050 1.0659
0.060UJ 0.1767 093100 41*7P06 0.5600 1 73 09A100 1.0096
0*0650 0.2410 003150 e109158 0.S560 1.5484 0.0150 0.9550
0.0700 0,3229 0,3200 1.0557 005700 1.5840 0.6200 0,9034
0.0750 Ot4218 0.3250 1.1963 0.5750 1.5663 0.6250 0.85b1
0.0800 095404 0.3300 1.3337 005800 1.5360 0.6300 0.0143
0.0050 0.6800 003350 1,4641 0.585o 1.4941 0.63b0 007790
0.0900 008417 0.3400 1,5845 0.5900 19441? 0.6400 0.7510
0.0950 1.0258 0.3450 1.6919 0.59b0 1.3605 0.6450 0.7310
001000 1.2315 0.3500 1,7839 0.6000 1.3122 0.4500 0.7194
001050 1.4572 0.3560 108587 0.605o 1.2388 0.85b0 0.0163
0.1100 1.6999 093600 1.9150 0.610o 1.1627 0.6600 0.7218
0.1150 1.9549 0.3650 1.951? 0.61'-j 1.0945 09#1650 0.7355
0.1200 2o2164 0.3700 1.9684 0.6200 1.0080 0.9700 0.7569

*0.1250 2.4772 0.3750 1:9653 10.6250 0.9344 0.6760 0.7855
0.1300 2.7294 v.3uoO 1.9421' 0.6300 1)08658 oo.ap0 0.8203
0.1350 2o9646 00.01b0 1.9015 0.6350 jooPO37 0.6660 0.8603
0.1400 .1747 0.3900 I.6431 0.6400 007496 0.6900 0.9043
0,1450 33:3524 0.3950 1.7691 0.6450 00.053 0.89b0 0.9512
0.150u 3.4921 0.4000 116816 0.6600 0.6711 4.9000 0.999b
0.1550 3.5890 0.4050 1.582? 0.6050 11.6480 0.90b0 19046?
0.1600 3.6435 004100 1.47b3 0e6600 0.6362 0.9100 1.vY57
0.165u 3.6533 0.41b0O 1.3620 0.6660o 0.6359 Dealbo 1.1407
0.1700 396208 0942.00 1.2458 0.6700 fl.646U 0.9200 1.182?
001750 3.5490 0.42b0 1.1296 0.0t50 0.6h86 0.92b0 1.2191
0.1800 3.4418 0.4300 1.0165 0.6800 0.7001 OeQ300 1.2501
0.1850 3.3038 ).4350 n.9092 0.6850 0.7407 0.9350 1.2753
0.1900 3,139? 0.4400 n.8106 0.6900 0.7669 n.9400 l.293?

*0.1950 2.9542 0.4450 n.7228 0.6950 0.6435 0.9400 1.3039
012000 2,7b22 0.4500 A.6461 0.7000 0.902A n'950O 1130"9
0,2050 2.5380 0.4550 n.bB61 j .7050 0.9h53 0.9560 1.302c%
0.2100 2.*3160 0.4600 n.5439 0.710o 1.0290 0*9600 1.2908
0.2150 2.0900 0.4650 n.b164 047150 !~0025 0.9650 1.2721
0.2200 1.8638 0.4700 n.5057 0.7200 1.1539 0.9700 1.4?47?
0.2250 1.6412 0.4750 n.5118 0.7250 102116 4.9750 102166
0,230,j 1.42b5 0.4800 n.5339 0.7300 1.2641 0.9000 1.1013
0.2350 1.2202 0e4850 n.571o 0.7350 1.3101 0.96I50 1.1423
0.2400 1.0284 0.4900 n.6217 0.7400 1.3463 0.4900 1.1007
0,2450 0.8533 0.4950 n.6041 0.7450, 1.3780 0).9950 1.0575
0.2500 0.6976 0.5000 n.7564 0.7600 193983 1.0000 1.0140
0.2550 0.5641 0.5050 a.8363 0.7550 I1.4089 1.n05n 0.9712
0.2600 0.4548 0.5100 n.9?16 0.7600 1.4095 1.0100 0.9304
0.2650 0.3719 0.5150 1.0098 0.7650 194004 1.01bn 0.0925
0.2700 0.3161 0.5200 1.0986 0.7700 1.3819 1.0200 0.858b
0.2750 0.2884 U.5260 1.1856 0??75o 1.3545 1*10250 0.8294
0.2800 0.2886 $.300 i.2666 0.7800 1.3193 1.0)300 0.8057
0.2850 0.3159 0.5350 1,3454 0.7850 1.2771 1.03bo 0.7881
0.2900 0,3688 0.54U0 1.4142 0.7900 1.2293 1.0400 0.7770
0.2950 0.4449_ 0.5450 1.4732 0.7960 1077 1.0450 007121;



Table 1 (Continued)

Normalized Values of Radar Cross Section (SIGMA) of a Perfectly Conduo ting Sphere
for Specified Radiw./Wavelength (RATIO) Values

RATIO SIGMA RATIO S1GMA RATIO SIn-W RATIO SIGMA

1.0500 00718 1.3000 1.0951 1.5500 1,1124 1.8000 00897?

1.0550 ) .3?f 1.3050 1.1209 1.5550 1.0934 1.4050 0.8911
1,0600 If '91Z1 1.3100 1.1436 1.5600 1.0723 1.8100 008876
1.06S0 0...5 1:3150 1.1626 1.5650 1.0496 194150 0.8873
1,07'•? Oo.d1s 1.3200 1,1774 1,5700 1.0260 1eA200 008901
1.6.59 0.8768 1.3250 1.1876 1.5750 1.0022 10.250 0.8959
1.0800 0.9096 1,3300 i.1931 1.5800 0.9787 1.M300 0.9047
100850 0.9460 1.3350 1.1936 1.5850 0.9962 1.8350 0.9160
1,0900 0.9840 1.3400 1,1893 1.5900 0.9353 1.8400 099297
1.0950 1.0224 1.3450 1.1803 1.5950 0.9165 1.8450 0.9452
1.1000 1,0603 1.3500 1.1669 1.6000 0,9003 1.A500 0.9622
1.1050 1.0966 1.3550 1.1495 1.6050 0.8871 1.9550 0.9802
1,1130 11305 1,360%, 1.1286 1.6100 n.8772 1.8600 0.9988
1.1150 1016Z9 1.3650 1.1047 196150 0.8709 1.4650 1.0173
!.12ro 1,1872 1.3700 1,0786 1.6200 008682 1.S700 1.0354
1-.'2ý 1,2088 1.3750 1.0510 1.6250 0.8693 1.8760 1.0525

.134. 1,2250 1.36") 1.0225 1.6300 0.87.1 1.8800 1.0683

1,13b0  1?3b5S 1.3850 n.9940 1.6350 0.8823 10.850 100822
41140" .24Co 1.3900 n,9663 1.6400 0.8938 1o8900 1.0940
,.:• 2,, 36 1 3950 6,9400 1.6450 n69082 1,89!0 1.1032

1 ' 13 1.4000 no.9158 19600 0,9252 109000 101099
12156 ,21$3 1.405, n.8944 1.6650 0*9442 1,9060 1,1136
1.16. 1,2001 1,4100 m,8763 1.6600 0.96.6 1.9100 1.1145
1.16m 1.1773 1.4150 0.8620 1.6650 n.9861 109160 1.1124
1,1700 1,1503 1,4200 n.8517 1.6700 100079 1.9200 1,1075
1.175U 1,1201 1,4250 -. 8458 1.6750 1.0295 1.9250 100998
1,1800 1051875 1.4300 n.84&3 1.6800 100503 199300 1.0897
1.1850 1,0333 1,4350 n,8473 1.6850 100697 1.9350 1.0774
,.1900 190184 1.4400 n,86b5 106900 1.0873 1.9400 1.0633
101950 0,9839 144650 n.8659 1.0960 1.1627 1.9450 1.0477
1.200" 0.9506 1.4500 n.8809 107000 1.11S3 1.9500 1.0311
1,20bv 0.9193 1#4S50 P,8993 1.7060 1.1249 1.9550 1.0140

1.?100 0,6910 1.4600 f.9204 107'0 141*313 1,9600 0.9966
1.?1,1 0.8663 1.4650 n.9437 107150 1.1343 1.96b0 0.9797
1.2200 0,.456 104700 A.9685 1.7200 1.1338 I.Q700 0.9635
1,2250 09830( 104750 n,9942 1.7250 1.1300 1,76o 009485
1,2300 008194 1.4800 1,0200 1.7300 1,1229 1,9800 0.9352
1.2350 048141 104850 i,0454 1.7350 1.1128 1.98.0 0.9237
1.2400 0.814j 1.4900 1.0695 1.7400 140999 1,9900 0.9145
1.2450 0,8196 1,4950 1.0918 1.1450 108O46 1.4960 0.9078
1.2500 0.8301 1.5000 1.3117 1.7500 1.0674 2.0000 0.9037
1.255u 008455 1.5050 1,1296 1.7b50 1.0486 2.nO50 0.9022
1,2600 008652 165100 0.1423 1.7600 1.0289 20100 0.9035
1,2690 0.8887 105150 1.1522 107650 100087 2.0150 0.9075
!12700 0.9152 1,5200 1.1592 1.7700 0.9887 2.0?00 0.9140
1.275v 0.9441 1052b0 1,1602 1.7760 0.9692 2.02bO 0.9229
1.2E00 0.9745 1.5300 1.15,11 1.7800 009S09 20300 0.9338
117850 1.0056 1.5350 1.1520 1.785C 0.934 2.030 0.9466
1.2900 1.0367 1b.4O0 1.1422 1.7900 0.9195 2.0400 0.9607

1.12S9 100667 1.6450 1,12A9 1.7960 609072 2.0n50 0.9760

II
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Table 1 (Continued)

Normalized Values of Radar Cross Sectiun (SIGMA) of a Perfectly Conducting Sphere

for Specified Radius/Wavelength (RATIO) Values

RATIO SIGMA RATIO SIGmA RATIO SIGMA RATIO SIGMA

2,0500 0.9918 2.3000 1.0038 2.5500 0.9681 2,RO000 0.909

2,0550 1,0079 2.3050 i,0798 2.5550 0.9588 2.A050 0.9687
2,060V 1.0237 2,310 i 1.0739 2.5600 0.9507 2*AlOO 0.9772

2,0650 1,0389 2.3150 1.0660 2.SSO 009440 2,150 0.9064

2.0700 10S30 2.3200 1.0S66 2*5700 0.9389 2.8200 0.9959

2.0750 1.0657 2.32S0 1,0458 2.5750 4.9355 2?.250 1.0055
2.0800 1,0767 2.3300 1.0339 2.5800 n.9339 20M300 1.0149
2.0850 1.0857 2.3350 1.0213 2.5850 0.9341 2.R350 1.0240
',0900 1,092 •,4.00 190082 2.5900 0.9361 20400 1.0324

2,0950 lO9fR 2.34S0 n.9951 2.5950 o,9398 2.A450 1,0399
2.1000 1.0986 Z.3500 A.9824 2.6000 n.1452 2.8500 1.04,4

2.1050 100979 4,3550 n.9702 2.6050 n@9%21 2.A550 1.0516
2.1100 )10947 2.3600 nM.590 2.6100 0-9602 2,4600 1.0555
2.1150 1.0890 2.J650 4.9490 2.6150 0.9694 2.8bO0 1.0579

2.120v 1.0812 2.3700 n,940S 296200 0.9794 2.4700o .0589
2,1250 1.0714 2.3750 n:9337 2*6250 0.9900 2,47bO 1.0583

2.1300 1.0598 2.3,O0 n.926t 2.6300 1.0008 2.6800 1.0562
2.1350 1.0468 203A50 n.9259 2.6350 160115 2.8850 1.0527

2,1400 1,0328 2.4900 n,9251 2.6400 1.0220 2.900 1.0478
2.14S0 1,0181 c!0J950 n.9263 2.6450 1.0318 2.8960 1.0417

2.1500 1,0031 2.4000 n.9295 2.o20( 190408 2.90on 1.0347
215S50 0.9882 2,'050 n.9347 2.6b5c 1.0487 2.050 1.0267

S2,1600 0,973A 2,4100 n.9416 2.6600 1.0553 2.*900 1.0182
S2,16S0 0,9604 20150 0.9501 2o6650 190605 2.9160 1.0093
2.1700 0,9481 2*4200 n,9509 2.6700 1.0641 2.9200 190002
2?.1TS7 0,9374 2.4250 0.970f) 2.6?bo 1.0660 2.9250 0.9912
2,1800 0,9286 2.4300 P,982'i 2.6800 1.0662 2,Q300 0.9825

2.1850 0o9218 2.4350 A.9946 2.6850 10064? 2.93b0 0.9744

S2.1900 0.9172 2.4400 1.0068 2.6900 1.0615 2.9400 0.9670

2.1950 0.9150 2.4450 1,01H9 2.6950 1.0568 2,94!0 0.9606

2.2000 0.91S1 2*4500 1.0304 2.7000 1.0S06 2,9500 0.95s6

2,2050 0.9175 2.4560 1.0411 2.7050 1.0432 2.9S50 0.9514

2.2100 0.9222 2*4600 1.0508 2.7100 1.0348 2e9600 099487

2.2150 0.9290 .*4650 1.0590 2.7150 1.02SS 2.Q650 0.9474

2.2200 0.9378 2.*.iC0 .06s8 2.7200 1.0156 2.9700 0.9476

2.2250 0,9482 2.4750 1.0708 2.7250 100OSS 2.97?0 0.9492
2.2300 0,9600 2.4800 1.0739 2.7300 0*9953 2.9q00 0.9522
2.2350 0.9729 2.4850 1.07S1 2.7350 r.98S3 2.9860 0.9565
2.2400 0.9865 e.4900 1.0744 2.7400 no97m9 2.0900 0.9619

2,2450 1.0004 2.4950 1.0718 2.7450 0.967? 2.Q950 0.9684

2,2SOu 1.0143 2.b000 1,0674 2.7b00 0.9594 3.0000 0.9757

2.2550 1.0278 e.bOSO .,0612 2.7550 0.9529 3.0050 0.9836

2.2600 1.0406 ?.5100 1,053S 2.7600 0.9476 3.0100 0.9920
2.2650 105o23 2.blbO 1.0446 2.7650 no9439 3.0150 1.000S

2.2700 1,0626 2*.500 1.0345 2.7100 n.9417 3.0200 1.0090
2.275 1.0712 252SO 1,.0237 2.77S0 0.9411 3.0260 1.0173
2.2800 1.0780 2.b300 1.0124 2.7800 0.9421 1.0300 1.0251
2,2850 1.0827 2,5350 1.0008 2.7850 0.9447 3.03b0 1,0323
2,2900 1.0863 2.5400 n,9H94 2.7900 10.9488 3.0400 1.0386
2:2950 1.0056 2.5450 n,9784 2.7950 0.9542 3.0450 1.0438



Table 1 (Continued)

Normalized Values of Radar Cross Section (SIGMA) of a Perfectly Conducting Sphere
for Specified Radius/Wavelength (RATIO) Values

RATIO SIGMA kAIO ;TGMA RATIO SIGMA RATIO SIGMA

3.0500 1.0479 3.4000 1.0075 3.SbOo 0*9620 3,8000 1.0159
3.055o 1,050A 3.3050 1.0002 3.Sb50 n,9636 3.A050 1.020?
3.060U 1.02S3 303100 .n9930 395600 n.96b2 3.R100 1.0249
3,1650 1.052O 3,3150 n.VA60 3*5650 0*9697 3.0150 1,0285
3.070v 1.0513 3.3200 n.9794 3.5700 (119740 309200 1.0314
3.0751 1,0487 3.J4bO n.9735 3.5750 009789 3.2bO 1.0334
3,0600 1.01o* 3.3:Zo m.9693 3@5000 669F45 3.8300 1.030
3.0850 1.0401 3.3350 M.9640 3.5850 0.9904 3,93"0 190348
3.090u 1.0342 3.3400 11o9607 3.5900 n,9966 3,8400 1.0341
3,095-1 1.0275 3,34b0 n,95A5 3.5950 1.0029 3.9450 1.0326
3.100U 1,0201 30500 1,9576 3,6000 1.0090 308500 1.0302
3.1050 1,0123 3.450b n:9576 3,bo0 1.0150 3.6550 1.0271
3.1100 1.00'2 393600 n*9qso f 396100 1.0205 30600 1.0233
3.11Su 0.0961 3.3650 M.Yb12 3.6150 1.0235 3.86b0 1.0189
3.12o0 0.9881 3.3700 n.9646 3*.600 1.0298 3.8700 1.0140
3.125u 0.9806 3.37b0 A.9609 396250 1.0333 3.8750 1.0088
3.130u 0.9737 4.3600 n.9741 3.6300 1.0359 3.8800 1.003'
3.135u 0.9675 3.39b0 n.9800 3.6350 1.0376 3.948O 0.9980
3.100 0,9622 3.3900 n.9864 3:6400 1.0384 3.0900 0.9927
3.145u 0.9580 J,3960 n.9931 3.6450 I10381 3.69"0 009876
3,1bO0 0,9560 3.4000 1.0000 3.6500 1,036A 3.0000 0,9829
3.1550 0.9532 3.40b0 1.0069 3.6650 1.0346 3.00bO 099787
3,160t 0.9527 3*4100 1.0136 3.6600 1*0315 3e9100 0.9750
3.1650 0.9535 3*4160 .0200 3.bbbO 10076 3.9160 0.9721
3,1700 0.9556 3.4200 1.0258 3.6100 1*0230 3.9200 00(?00
3.175u 0.9586 3.42bO 1.0300 3.67ho 10n179 3.9020 0.968b
3.1800 0.9632 3.4300 1.0352 3.6000 1.0123 3.Q300 0.9681
3.1850 0.9685 3.43b0 1.03"5 3.66b0 1.0065 3,93b0 0,568S
3.1900 0,9747 3.4400 1.0409 3.6900 I.1005 1,Q400 0.9698
3.1950 0.9815 3.44bO 1.0422 3.6950 n@9946 3.4iO 0.9718
3.2oO 0988 3.4U500 1.0426 3.*000 4,9A89 1.9500 0,9746
3.205U 0.9964 3.45b0 1.0415 3.7050 .,9*35 3.95t0 0.9781
3.210u 10041 J64600 1.0395 3.7100 n.9786 3.9600 0.9821
3.215u 1.0117 3.4650 1.0366 3.7150 ,9743 3.9660 0.9866
3.2200 1.0189 34.700 1.0326 3.7200 0.9?07 3.9700 0.9915
3.225u 1.025? 3,4760 .0279 3.?75o #986Ro 3.4760 0.9966
3*2300 1.0317 3.4000 1.0225 3.730n A99661 3.0800 1.0018
3.2350 1,0310 4.0405 1.01e5 3.7360 n,9AS1 3.,660 1,0069
3,2400 1,0412 3.4900 1.0102 3.7400 11.9651 309900 1.0118
3.2450 1.Ob'3 3.4950 1.0036 3.7460 .n,9661 3.9960 1.0164
3.2500 190463 3.6000 n.9971 3.7500 (.9679 4.0000 10206
3.?55u 1.0471 4.Sb0 n.9906 3.7550 0.4706 4.OSO 1.0242
3.260v 10046? 3.5100 n.9845 3.0600 A.9741 4.0100 190272
3.26Su 1.0450 3blbO P.97"A 3.765n 41Q783 4.150 1.029S
3,70u 1.0412 3.*200 n.9737 3.7700 n.9n31 4.0200 1e0310
'.277" 1.03944 .b250 A,96'w# 3.7750 4,993 4.02bO 1.0316
3,200 1,0335 4.6300 nA9660 3.78o0 n:99318 4.0300 1.031S
3. 15. 1.0279 3.5360 n,9634 3.78o n.9v995 4.0360 1.0306
3,2900 1,0215 3Z6400 n.9619 3.7900 1.0051 406o00 1.0088
3.29S0 1.0147 3.b6bO P.9615 3.795n .0 j1b4.40400 1.0263
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Table I (Continued)

Normalized Values of Radar Cross Section (SIGMA) of a Perfectly Conducting Sphere
______________for Specified Radius/Wavelength (RATIO) Values _______ ________

1 .50 1.23 4 0 0 .9770 40S500 ~0*9945 4.4000 1.0223__

4.1100 1.0039 14.3200 n.9736 4.6100 1.0100 4.NP6O 10.916

4.1300 0.97)7 4.3300 n.901.3 4.SO00 1.0171 4.A4300 .0.1817
4#,0350 n9973) 493350 ot.016? 4.513,o 1.0191 4.aAb0 0.9o0S
4.1090 019753 4.3400 n.9012 49S900 1.0210 404'00) .00979144409S 0.9081 4*.3950 01.0245 4.6450 1.0072 4.044!0 0.0099
401000 0.9910 4.4000 ft*0244 4.6900 1.0039 4.Q000O 064193
4.1050 0.9854 4.4050 n.902% 4060SO 10(1297 4.90530 0.99049
4.1600 0.9897, 4.3600 A.9284 4.6100 I0.9959 49M100 099818
4.1150 0099420 4@3650 1.0204 4.6150 10.923 49.6l50 0.9e83
4.120v 0.99711 *.4200 1.0057 4.6200 1029*7 4.$0200 00985q
4.175 09?0 I.? 1.0036 '.25 l424 9.6?it 0.n9b 4.925J~ 0.9K06
4.1300 1.0.971 *4.3800 1.0132 4.6300 10.081 4.0300 0.9015
4.135v 0.0126 4.4350 1.016? 4.6850 10.014 4.A350 0.9094
4.140u01.07167 4.4400 1:0198 496400 .07010 4.04900 o.9?98t
40145V 10209, 4.4450 1 0224 4.6950 100071 4.Q4950 1.001'
4200U 0 991%03 '.4bo00 !.024 8b9 *05 4.70 096 40500 0.0079
4.2050 1 .928b 4.4550t f.0205 4.706S50 ft.0977 4.95O01.900794
4.210o 0 09769 4.4600 1.0'?14 4.7100 0.9783 4.0600 1.90100
4.2150j D942 44b 1.02b4 4.6650 A*9923 4.75*.76400~f o.9836
4.220u0 1.089 64.400 1.0925 4.67,00 0.9A91 4.09200 0.0159

*4.2250 1.0236 4.4250 i.98944 4.7Z5o fl.96Y 4.92!0 100178
4.2300 1.00273 4.4300 iO*9859 4.7300 0.9864 4.0300 0.9919

t4.2350 1.0125 4.43!)0 .OIQO2 4.685n noxog0 4.9350 1.0202
4.2400 1.0229 '491*00 .09802 '.7900 n.Q7928 4.0900 1.09806
4.245V 1.0203 4.4950 ~1.0713 407950 f.9964I 4.4Q9 1.0001
4.25000 ,23 #.bo 1.0195 4.5000 0, 9766 4.7500 1.0000 .007.C~
4.20Su 1.0122 4.45o5 1.0055 4.7550 1.0077 %.nOsti 100179
4.210 026 41600 1.0079 4.0100 a95 4.6 0 :9,'032 4 * Q& " 1.070,
4.2150 1.0028h 4.5150 n.9973 4.7650 1.0105 4.065n 1.0149
4.2700 10.0209 64.500 m.9772 '.7700 ft.0116 4.0200 1.01259
4.220 105 4ba 750 0.9995 4.50 723 093 4.7S (.13 %07b0 1.0097
4.2300 0.902? 4.5300 4.9"59 4.7300 '1.09*6 4.Q300 1:0067
4.235u 102954 4.5350) A.9820 4.7850 1.0203S j 5o3So 102026

_________ __.0229__ _____900_ _________ 40___00_ I $I______1. __0

4.,'9o- 10.986 4.!3000 A.9142 4.7500 1.00000 5.0400 1.0100

4.275v 0.9795b 4.5450 ok.90?M 4.7?5o 01632 5.45 n~ 10.0971

7.90 44)0 .02 W 0 .92'08 :3n 106



the plotting; this subroutine interpolates additional points where they are

needed, using a c,&1 :c interpolating polynomial.

The program was then modified so that it calculates the radar cross
section, in both square meters and square feet, of a specific sphere at a
specific frequency. Printouts of sample calculations using tbi.s program are
shown as Figs. 2, 3, and 4. A listing of the program is given later in this
report.

MATHEMATICAL FORMULAS

Kerr 1 gives the following equation (p. 451) for the radar cross section
a of a sphere of radius a:

a 1_ 1 (_I)n (2n + 1) (ans - bns 2 (1)
2Ira

n=i

where p = 2na/X, X is the wavelength, and the ans and bns are terms of a
"multipole 6xpansion" -- that is, these terms are proportional to the ampli-
tudes of magnetic and electric multipoles induced in the sphere by the inci-
dent wave. When the sphere is perfectly conducting (Kerr, p. 452):

s in (P)an hn (2) (p)

s -[ P n (P) ]'bn (2)3

[ p hn ]'

where the primes denote differentiation with respect to the argument. The
functions in and Nn(2) are,respectively, the spherical Bessel function of
the first kind, and the spherical Hankel function of the second kind.

A subroutine to evaluate in, in', and also the spherical Bessel
function of the second kind and its derivative, yn and Ynt, was obtained
from the NRL CDC-3800 program library.* No subroutine for evaluating the

*Library Catalog Identification C3-UCSD-BFFGH. Subroutine BFFGH was written
by Frank Hagin of Texas Instruments, Dallas Texas.
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CALCLLATION CF RADAR CRASS SECTIEN OF SPHERE
REFFRýNCL - KERRv XPROPAGAT!ON PF SHORT kAD18 WAVES*
RAD LAB SFRIES VOL, 131 Po 451, EQj 29,

INPUT DATA AND DkRIVED CUANTITIFS

RADIUS# METERS ... v ........ . . . . o . 1.574

RADIUS# FEFT *...*.... eg..oe... e ... 5,000
RADAR FREQLJEKCYl MEGAHFRTZ , .. ,...... 1319160
WAVELENGTH, PETERS ,,,,,,, ,,,., o ,* . ? 16
RAI)IUS/WAVELENGTH RATIO .,,. , . 0o7046
CIRCUMFERENCE/WAVELENGTYI RAIeO , o ,, 4,4270

CUTPUT DATA "-

NUMBER eF SERIES TERMS AnDFC ,,,oo,,,,,,,,, 12

RADAR CROSS SECTION, NMRMALIZED TO OPTICAL 0,9599
RADAR CROSS SECTIeN, SOARF METERS ,,....,,. 7ol038
RADAR CROSS SECTION, SO6ARF FEFT ,..,.,.,o 75o3884

Fig. 2 - Computer printout from Program SPHERE for radius
5 feet and frequency 138.6 MHz.
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CALCl.LATIJ'N CF VADAR C~Rr*S SEC-16N OF SPIIERF
RFFI-RENCE - KERO# $PROPAGATIGN 'MF SHORT RADIG WAVES$
RAD LAIH *FR~ItS VtJLI 13# P, 45j, Ent, 29,

INPUT DATA A!.D I'RjVED QUANTITIPS -

HAI)IUSs CEN~TIMET~ERS ..... .. 5.,. . n ~f0
RAI)JUSo FEET ........gCgtg9.. t*****C 1,640

WAVfrLENGTb4. CENTIMF.TFPS ,.*.,,...., 29,98
RADIUS/WAVfLENGTH RATIIn,**, ,**,g, 1 ,6678
CRCUMFERE'JCE/WAVELENGTI9 RATIO ,.,.,, 10,4792

EUTPýJT DAIA -

NUMHER eF SeRIES TERmS AnPCIL *eggggg 20
HADAR CRPSS SECITION, NMRMALIZEII Ta OPTICAL 0999A4
RADAR CROSS SECTION, Sr4UARF PETERS 99 tel l,17841

SGUA1RF %":TERSg EXPGNENT FP)RMAT
RADAR CR~SS SECTION. SOLARIý FEFT ... ggeg 8,44fl1

Fig. 3 - Computer printout fromn Program SPHERE for radius
0.5 meter and frequency 1000 MHz.
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CALCýLAThLN eF RACAR CROSS SEC•T!N OF SPHERE
REFERENCE q AERR, $PROPAGATION nF SHORT HADIO WAVES$
RAD 4AS SERIES VOL, 13f P, 451# EQ, 291

INPUT DATA AND DRIVED OUANTITifS

RADIOUSe CENTIMETERS o ,o60

RADIUS, INCHES t ..........°.::::;:. :::: ° 36
RADAR FREQUEKCY# MEGAHFRTZ o,o., ... $#seel 1000•00

WAVELENGTH# CENTIMETFRS ,,,,., , ,,,, 20,98
RADIVS/WAVELENGTH RATIR ,oo, , °. O,?OflI
CIRCUMFERENCE/WAVELEK'GTH RATIO ,,.. ,., 1,575

EUTPýT DATA

NUMBER OF ShAIES TERMS AnDEC .,t............ 6
RADAR CROSS SECTION, NORMALIZED Ta OPTICAL 217464
RADAR CROSS SECTION, SnLARE METERS ,*...,... 0,1311

SQUARF MLTERSs EXPENENT FORMAT ,...,.,..°3#1061-002
RADAR CROSS SECTIeN, S0LARF FEET ,,°,.,,.°, 016343

SQUARE FEETP EXPO'ENT FORMAT vo.,.°,,.,,3o3434"001

Fig. 4 - Computer printout from Program SPHERE for radius
0.06 meter and frequency 1000 MHz.
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spherical Hankel function was available. However, the problem was solved
by the use of an expreesion relating the spherical Hankel function to the

spherical Bessel functions. The necessary relation is given by Messiah (5):

hk(2) iJk" iyk

.. hk(2)) i' Jk iyk,

Since Sub~oytine BFFGýI gives Jk, Jk', Yk, and Yk', it is a simple matter to
obtain hk'a' and hk(-)'. (To interpret the relations given by Messiah, it
is necessary to note that his function nk is the negat ive of yk, and his
functions hk(+) and hk( are equal to ihk() and -ihk(), respectively.)

For very small values of p, the approximation*

S= 9p4 1.4027 (a/X) 4  X le (4)

can be used; this is the well known Rayleigh scattering law (for back
scattering).

For very large values of p (or a/X), the asymptotic result is

ira

As will be discussed in some detail, this approximation is valid to 4 signi-
ficant figures for a/X > 44 ( and possibly for somewhat smaller values).

FORTRAN PROGRAM

The program written to compute the cross section is simply a Fortran
algoritl.m to evaluate Eq. (1). The sumnation of multipole terms (which are
complex numbers) is carried to the point to which th;e fractional change in a

*'Reference 1, page 452.
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due to the last term added is less than 10-6. No exact analysis of the
accuracy obtained by this procedure was made; however, a check on accuracy
is afforded by the knowledge that as a/X becomes large, the envelope of the
oscillations of a asymptotically approaches va2. The numerical results
obtained for large a/X agree with this prediction. To test this, the program
was run with the value of a/X doubled for each successive calculation. Theresults are shown in Table 2. The initial value of a/) was .0850 and this

was doubled until the value 21.76 was reached, at which time the run terminated.
An additional run was then made for the values a/) - 44 and a/) = 88. The
second column of the table gives the number of series terms summed before the
above-stated criterion was met (fractional change in a < 10"r).

Table 2

Results for Large Values of a/).

a/X No. of Terms Sunned , O/kae

.0850 5 0.6800

.1700 6 3.6208

.3400 7 1.5845

.6800 11 0.7001

1.3600 17 1.1286

2.7200 28 1.0156

5.4400 47 0.9929

10.8800 83 0.9970

21.7600 158 0.9997

44.0000 303 1.0000

88.0000 586 1.0000

13



It is seen that for a/), 9 44, the values of a/laz differ from 1 by
less than 5 x 10"s. This suggests that the calculation is accurate to at
least 4 significant figures for values of a/X up to at least 88. To make
sure that the values 1.0000 were not obtained "by accident" at a/). = 44,
the program was run with values a/) - 44.04 and 44.045. These numbers were
chosen to insure that if a/X just happened to result in a/na2 = 1.0000 when
the value is still actually oscillating appreciablv. the oscillation would
be revealed. The results, printed out to additional decimal places, were
a/ha2 = 0.999982 and 0.999981, respectively. It thus seems reasonable to
conclude that the calculation does have at least 4-significant-figure
accuracy.

Since for large values of a/X the number of terms summed almost doubles
with each doubling of a/X, a point would eventually be reached at which the
accuracy would be reduced by computer round-off error. However, in the
CDC-3800 this event occurs at a value of a/X well above the point at which
the approximation a/na2 P 1 can be assumed to 4 significant figures. It is
therefore recommended that for values of a/X > 44, the optical approximation
a/na2 = 1.000 be used instead of making an actual computer calculation.

The time required for the calculation with the CDC-3800 is approximately
58 milliseconds per series term, not including compilation time and input-
output operations. Therefore calculation of single values of a for the
usual range of values of a/X requires only a few seconds at most.

A listing of the Fortran program that has output of the type shown in
Figs. 2-4 follows. The input to this program is a data card or cards (one
for each combination of sphere size and frequency to be calculated). Any
number of data cards can be stacked at the appropriate place in the deck,
and followed by an end-of-file card. The program will then read each card,
do the appropriate computations, and print out the results. The data card
format is:

Card Columns Quantity Format Specification

1-10 Radius of sphere F1O.

11-20 Radar frequency F10.

30 Radius units designator Il

14



Fi,,!

1

The radius of the sphere can be given in either meters or feet. if it
is given in meters, Column 30 is left blank. If it is given in feet, a 1 is
punched in Column 30. The radar frequency is given in megahertz. Both the
radius and the frequency can be punched as floating-point numbers anywhere
within the specified fields; a decimal point must be included unless the
numbers are integers and are right-adjusted in the field.

As mentioned in the introduction, the computer program that follows was
written before the paper of Adler and Johnson (3) was called to the author's

attention. They-describe a method of computing the spherical Bessel and
Hankel functions based on a recursion relation. Use of this method instead
of Subroutine BFFUH would have been somewhat more direct and possibly would
reduce computing time; however, since the program as it stands works well and
runs without excessive use of computer time, it was decided not to change it.

is
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C3/06/72

PROGRAM SPHERE
C
C COMPUTES RADAR CROSS SECTION OF' A PERFECTLY CONDUCTING SPHERE,
C MATHEMATICS GIVEN BY KERR, OPRAPAGATI@N OF SHORT RADIO WAVFS9

RAO LAS SERIES V06,. 16 (MCGRAWaMILL, 1950)o P. 451o EQo 29,
c PROGRAM WRITTEN BY 4,. V. BLAKks NRL CODE 5370, THIS V6RSION 3/t/72

C COMPUTES AS MANY CASES (SPHkRk SIZES, FREQUENCIES) AS THERE ARF

c DATA PARDS, RADIUS OP~ SPHIERE# COLS, -1O, FREQUENCY MEGAHFRTZ@

C COLS. 11"2O, IF HADIUS IS GIVEN IN FEET, PUNCH A I IN C@t.. 30oIC IF RAUIUS IS GIVEN IN '4kTkhRSs NO PUNCHI (OR ZERO PUNCH) IN COL, 30,

TYPE COMPLEX HNZ ,1J1N2 ANSIoNS, TERM. SUM
DATA (PIxJo141592b5J6), (MmO)

500 READ 40s RADIUSg ýRQNCY, IUNITS
IF (EUF#60) 868,9

41 RADFTmRADIUS
RAnIUStRAVIUS. .3048
GO TO 33

42 RAOFTxRADJIUS/,304b
43 WVLGTHx29Vj7925/FK0NCY

RATI~n RADIUS/WYLUiTH
RHM a 2,.PI*RATIO
N:
OSO 31

IIKO :I
Y ot It

SUMLANT
ISIGN 2 1
SUM t cMPLx(O,,O,)

ISIGN a 1SGN*(wl)
CALL 8FFGM(RI4ONWJDd~JDDRj8Y.DBYDDl3YQSQIQKY)
HN2 z CMPLXIB~J,'.Y)
DMN2 aCMPLX(130jo-flY)
ANS 'BJ/HN2
BNS '(RI4O*DIJ.B~J)/(HWU*UHN2.HN2)
TERM a ISjGN*(2*N*i)*(ANS-8NS)
sum SUM*TERM
AUSUMW = (CASS(SUM~)..2
DIFFRFARS ((A8SUMW-SU,1LAST)/AdSSU'4)
IF (DIFFR .LT, Jlb-6) A80 TO 9
SUMLAST aAUSLIM2
GO TO I

9 SIGNMl. A~bUM2/(gRHW*R.HM8
SlGMA;xIGNML*Pl.RADIUS*RAUUS
SlrFTXSIGmA*1097649j
IF (M#EQ.0) A98

tl0 MXI

b? PRINT 998

PRINT 99
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03/06/72

PRINT 990
PRINT 991
PRINT 999
PRINT 100
IF (RADIUS *GE. 1,) 4U,41

40 PRINT 101, RADIUS
43 PRINT 102, RADFT

GO Te 42
41 RADQMWRADIUS.100,

PRINT 1011s RADc.*
IF tRADFT ,GE. 1,) 43,44

44 RADIN&RADFT.L.
PRINT 1012s RADIN

42 PRINT 103,FRQNCY
IF (wVLGTH,GE,1,) 50051

!0 PRINT 104, WVLGTH
GO TO 52

D1 WVLGHHmWVLGTHs100,
PRINT 105,WVLGHH

52 PRINT 106, RATIO
PRINT 107, RHO
PRINT 108
PRINT 1080, N
PRINT 109, SIGNML
PRINT 110, SIGMA
IF (SIGMA *AT, 1, .OR. SIGMA ,GT, 99999o9999) PRINT 117t SIGMA
PRINT 111, SIGFT
IF (SIGFT ,4T. 1. .OR. SIUFT ,GT, 99999,9999) PRINT 113t SIGFT
GO TO 500

40 F@RMAT(2F102,9XI1)
998 FORMAT(111)
992 FBRMAT(//////)

99 FORMAT(loXsCALCULATION OF RADAR CROSS SECTION 8F SPHERE* )
990 FORMAT(15Xs*REFERbNCF - KERR, $PROPAGATON OF SHORT RADIO WAVES$*)
991 FORmAT(15Xs*RAP 1AR SERIES VOL, IS, Ps 451, FO, 29, s //
999 FORMAT(15X* .------------------.. .----------- ----- -- 0--/./)
100 FORMAT(15X,*INPUT DATA ANU DERIVED QUANTITIES -- SI)
101 F9RMAT(20X,*RADjUb, METERS ,.,,,.,.,,......o.,orln3loll FORHAT(2OX#*RA0IU• CL-NITMETERS,.......,. .rl )

1012 FORMAT(20XORAD|Ub, INCES ,,..... .,,.., ...... ,.,,Flfl,2

1(3 FORMAT(2nXisRADAR FRFUUENUY, MEGAHERTZ ,....,.,...,...P1O. )
1U4 FORMAT(20X0*WAV4LbNGT#H METERS . )
103 FORM4 T(2OXMWAVELkNGTHI CENTIMETERS . .,......,, . O )
106 FORMAT(20XpsRADIU5/WAVELENGTH RATIO .,.,..... ,..,.,rlna )
107 FORMAT(2OX,.CIRCUMFERENGF/WAVELENGTH RATIO .,.,. .,..FiO,4///)
108 FORMAT(15X,*OUTPUT UATA *--/)

1060 F9RMAT(20X,*NUM0EH 8F SERIES TERMS ADDED ,......,,,,,..,5X,35 )
199 FORMAT(20XSRAnAR UR35S SECTION, NORMALIZED TB OPTICAL e#F., ,4 )
110 FORMAT(20X,.RAnAR CROSS SECTIONJ, SOUARE METERS ... ,.,,,.,rl,4
112 FORMAT(M3oOSQUARh MEIERS, EXPONENT FORMAT ....... ,.,',EIO,4
111 F6RMAT(20X,.RADAR CROSS StCTISN, SQUARE FEET .,.....,0.,*tFqf,4 )
113 F8RMAT(23Xf.SUUARb FFkT, EXPeNENT FORMAT ......... ,EIQ,4 )
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SUBRRUT[Nk OFFGI4 (Z. Ls RA, BJP# OJPP# 88, HYPt BYPPOOSOOIKOIY'
c C3 UC$D 8FF014

D14ENSISN RJ(!)9# 040()# iHYM# BYL(5)R(3

YSAVE Y
IF (Y 11) 102, 102, 101,

102 FL ;
L1SL46

ZE
FLi a FL 1,
zsQ x Z 0
FLR x SQRTF (FL *F~,1)
SINE aSINFCZ)
COSE aCOSF(7
If (1KQ 1) l04o104slD8

100 IF CZ - FII,R) 800,#fl0#yft0
104 IF (Zell,) 300,200s200
109 IF (QS0) Mi0 110, 104
110 1 F CZ - 1@) 500, 400, 400

200 BAJ() z SINE / LO
SIGN a 1.
ER a -Y
RYMi a ER 0 COSE

210 BY~i) x BY(M. / Zm
ER a V4(1) / ZR
IF (SIGN) 221,24,212

211 ER ; ER
212 9j(2) a(BYU,)/Y 4 ER)/ Y

SYM2 a (dY(1/Z -Y*8Ji())*Y
FLX x2,

2ki Tf:MP v(2, *FLX ulo)/Z
8J(3)uTEtIP 84g * nJ(I(2 q/'1 IF (SIGN) 223#224#224

223 8J(3) a -dJ(3)
2k4 ER a TEMP m IBY(2)

RY(S a Y * dY(l)I IF (SIGN) 225,226,226
225 BYM3 x -UY(3)
226 BY(3 Wk(R - BY(S)))* Y

it (FL.X -FLI) 222#228#228
228 IF (SIGN) 430,430,100
W2 84(2 a 80(2)

BYWi, 2 EBY(
9.J(2) a B~JM~
8Y(2 x BYM3
FLX 2 FLX It1
00 T 221
LX a 6L- I
SEXIT if1

3V1 00 320 1 a 1, 3
301 SUM? a It

SUMI a 1.
TERMI11a
TERM2 a 1,
FM a1,

18



fl6/OA/72

TL a t LX
3U2 TM *FM

TRMI a-Tý:RMI. 0 Z5(0 / (TM 0 (TL *TM + 2.)) vSEXIT
ThW12 :TERM2 * 7b0 / CTM * (TL qTM # 1.)) *SEX!'
OLOI. SUMI
OLflZ SUM?I SUMI. a SUMI * ThRMI
SUM? x SUM? + TERM?
01FF a ABSF((WLD1 - SUMJ) / SU!11l AHSFC((GLD2 -SOMP) /SUM?))
IF (DIFF - 000001) 306, 3fl6, 304

U3.4 FM sFM * 1,

GO~ TO JO2
306 IX= 2 * LX- i.

ASM

307 DO 30b ) a to IX, 2
A4J a ~J

3U8 ASM c ASM *Aj
310 ZYL z QZ /Y) *6LX

ZYLI.: ZYL *(Z /Y)
IF (LX) 312l 612.2 314

312 ASMI. a 1,
GO TO 316

314 ALX z LX
ASMI. -ASM * (2, *ALY it1)

.316 8,1(1) a ZYL * SUMI/ ASMI
BY(I) x ASM 0 IWMW LyLi

3U0 LX a , *1
Iý (StXIT) 450#43U,900

400 SIGN a -1,
ER a t:XPF (M'i
ERL x 1, / hR
SNH z .5 a (ER 00
CSW a .5 a l.ER h*
84.(l) 9 SNI4 / Z!H
RY(1) x Y *CSH
GO TO 210

50n LX a ,-

SEXIT a -1,
GO~ TO 391

430 KNT a 2
OYU,' s Y/Za
BY(2; a Yoys(2.*ZW) /(LB*78)

503 BY(3) a (2,.FLOATHK'r) -1,)*YSL3Y(2) /Z8 Y*Y*BY(l)
liHKNT-L-1) 582,5d1,581.

502 BY(l) x BYC?)
AY(2) a RY(3
KNT x '(NT # I.
GO TO 583

501 F.XZ a EXPF(.ZB)
DO 584 N 9 1,3

564 RY(N) s BY(N) 0 EXZ
if (Zd-l.) 600#58U,#i8U

5bfl IF (Z.4..ILR) 700e600,600
600 ER a2,. FL Is

R0.1 z (L R JW) Y FL P1. a 13U) *Y) /ER
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flJ/o6/72

GYP :,.(FL 0 RYCI) Y FLI, :IY(4) /Y) E R

R.JPP 3 2. * AJP / 7 - (1,+P L /Zr J?
RYPP a2. * 'IYP / 7 -(I. + ý. 0 F-Li / ZSO) s IJ.Y(2)

GWT1 950
POO A x g.1

FN2 a Z n,5 *SwRTF(3U,U * J)

MI. a 0,I
a ~N2

AL: 2.L

83UI AM aMl * I.
M MI
GO TO $03

2U2 tý (M% - M2) g0118utpR05
SUS Ali x M2 +1

M i
eU3 R(3) Z /(2. *AM *3,)

PU AN x N
R(2) x Z/(2, * AN , J. Z R3)

N zN -1.

IF CL - N) Unflb. Oeb af /I
eU6 R(3) aR(2)

GO TO '808
207 RJ(3) 2 R(2)

AL v 201. *1
Bj(l) a AL,/Z RMt~

eUQ LA x 1L
LAIx-I,-1
ALPHA a Z.Z.(UJ(2).UYcI).y..LA-dJ(I).dY(2).Y..LAI.)
NA x L*1
00 1312 NaloS
R~j(N)x(l,/(Y..NA*ALPIIA)) *9.JCN)

Z2NA:4NA.1
GO TO 900

700 A aOi
.35

FN a 9,5 * SOHTF(40; *U ZG)

701 FN FL.
702 U a2g * Z9 /(21 v FN: # 1,)

M aFN + 40l s (A + 8 0 U) * 1,
R(3) a Zd/ 2, *FL@ArF(M) # ls

705 AN aM
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RM 0 ZB/(2, *AN 1, ZB * 013)

IF (M *L -1) 703,704#704
704 R(3) a RM~

G9 TO105
703 RJ(J) a R(2)

84(2) a s

ALPHAqZ8.LR.(tdJ(2)*HY(1)/Y**L '3J(.)*RY(2)/Y**L1)
NA. FL '

!)@ 712 ;21.3
R.J(N); (I,/(Y.SNASALPHA)) * R.J(N)

71? NA=NA'1
GO TO 600

9U0 ER v to, / 2, *FL * 1,)
SJP a ER *(FL b J~1) /Y - F412 $ HJ(3) *Y)

RY ER *(F4~ b Y(1) y Y FLI * SY(3) /Y)I IF (LIEG.0) GO TO 1ý00
8.JPP v (F4, * FLZ / LSU Is2.) 0 B4(2) i2. * JP / Z
BYPP 4 (F4, * FLI / ZSU -19) * bY(2) -2. *RYP / Z

9 ýp0 RA x B4(2)IR ; WY(2)
1.000 Y z YSAVE

RETURN

;100 IF (IAQ.LT.,1)1120ollJ.U
1110 IF (050.,o~2)JI10,11U
lioBAzSIN(Z)/Z

Run.,CwS(Z)/Z
IF (LR%-i)i130t13U,1140

1140 R..PPx2,*BP/Z-(Z,.FL.ýI~/LS0)*RA
RYPPs2, aYP/Z- (2. *FL.ýI /ZSQ )*98
RET URN

1140 B.JPPS(FL.FLI/ZSQI, )eUA-2,adJP'/Z
BYPP2(FL.FLI/ZSQg,1).dr3-2,.aVP/Z
RETURN

Pj .3.2.41926545
9d.EXP(-Z)*PI/(2,*'Z)
IF (LW^-1)113U,114ln114U
END

FUNCTION SINH(Z)

* END
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